Pioneer 10 and 11 were the first probes sent to study the outer planets of the Solar System and Pioneer 10 was the first spacecraft to leave the Solar System. Besides their already epic journeys, Pioneer 10 and 11 spacecraft were subjected to an unaccounted effect interpreted as a constant acceleration toward the Sun, the so-called Pioneer anomaly. One of the possibilities put forward for explaining the Pioneer anomaly is the gravitational acceleration of the Kuiper Belt. In this work we examine this hypothesis for various models for the Kuiper Belt mass distribution. We find that the gravitational effect due to the Kuiper Belt cannot account for the Pioneer anomaly. Our conclusions suggest that only through a mission, the Pioneer anomaly can be confirmed and further investigated. This mission turns out to be also a quite interesting probe to study the mass distribution of the Kuiper Belt.
Introduction
Pioneer 10 and 11 were launched in 1972 and 1973 to study the outer planets of the Solar System. Both probes have followed hyperbolic trajectories near the ecliptic to opposite outward directions in the Solar System [1] . Due to their simple and robust design it was possible to determine their position with great accuracy. During the first years of its life, the acceleration caused by solar radiation pressure on the Pioneer 10 was the main effect [1] . At about 20 AU (by early 1980s) that effect became sub-dominant and it was possible to identify an unaccounted effect. This anomaly can be interpreted as a constant acceleration with a magnitude of a = (8.74±1.33)×10 −10 ms −2 and is directed toward the Sun. This effect became known as Pioneer anomaly. For the Pioneer spacecraft, it has been observed, at least, until 70 AU [1] . It was also observed in Pioneer 11 [1, 2] .
One of the discussed possibilities for explaining this anomaly is the gravitational effect of the Kuiper Belt [1] . The subject has been recently discussed [3] , but as we shall see, our conclusions do not support the claim that Kuiper Belt mass distribution can explain the anomaly. In this work we examine this hypothesis through the study of various possible models for the mass distribution of the Kuiper Belt.
We mention that the effect of the Pioneer anomaly on comets, asteroids and the outer planets has been discussed in [4, 5] .
It is relevant to point out that this anomaly requires for sure, some further confirmation, even though, mechanical and engineering causes seem to be ruled out (see however Ref. [6] ).
New physics explanations for the anomaly includes a scalar field with a suitable potential [7] , the running effect of gravitational coupling [8, 9] , etc. A fairly complete list of theoretical proposals can be found in Ref. [7] .
Kuiper's Belt Gravitational Force and other effects
In this work we test the gravitational effect of four different models for the Kuiper Belt mass distribution: two-ring, uniform disk, non-uniform disk and uniform torus. The non-uniform disk was considered in the pioneering work of Boss and Peale [10] . The total mass of Kuiper Belt consider is 0.3 Earth masses (this is shown not to qualitatively affect our conclusions). This is the maximum value allowed for the Kuiper Belt dust obtained from far-infrared emission [11] .
One may wonder whether other effects such as, for instance, the migration of debris can be at the origin of the Pioneer anomaly. However, evidence points otherwise. Indeed, Pluto's orbit is highly eccentric (e = 0.25), inclined (i = 17 o ) and lies in a 3 : 2 resonant orbit with Neptune.
Pluto and plutinos have a mechanism that prevents close encounters with Neptune. The relative motion of Neptune and Pluto ensures that when Pluto is at a crossing point of Neptune's orbit they are far away. The minimum distance between them is 17 AU. Pluto has a libration of the argument of perihelion, this puts the perihelion at almost the maximum distance away from the ecliptic, which maintains the orbital stability [12, 13, 14] . Most likely, Pluto was formed in a heliocentric orbit in the solar nebula instead of the planetary disk. Malhotra [14] suggests that Pluto was formed in heliocentric orbit, circular and with low inclination with respect to Neptune. Also, it is possible that Pluto and other trans-Neptunian objects have been caught in resonance orbits with Neptune as a result of the formation of the outer Solar System.
In the late stages of planet formation, planets and, in particular the giant ones, were surrounded by planetesimal's debris. Subsequently, this debris was removed by the gravity of the planets, thereby causing the evolution on their orbits (via energy and angular momentum exchange) and the formation of the Oort Cloud. The numerical simulations performed in Ref. [15] show that Jupiter's orbit migrated inward, in opposition to the other giant planets orbits which migrated outward. Thanks to Neptune's outward migration, it has been possible to capture
Pluto and others trans-Neptunian objects. A consequence of this evolution is an increase in the eccentricity and, in some cases, also an increase in the inclination of the orbit of the captured object. A general conclusion is that, migration effects imply, for objects beyond Jupiter, in a pressure outward the Solar System and hence the Pioneer anomaly cannot be accounted by effects of this nature.
Mass distribution and gravitational acceleration
Let us now consider in detail the gravitational forces generated by the various models of the Kuiper Belt.
Gravitational acceleration produced by the Kuiper Belt
We consider first the two-ring model which consists of two thin rings lying on the ecliptic and with radius R 1 = 39.4 AU (resonance 3:2) and R 2 = 47.8 AU (resonance 2:1). The radial acceleration yielded by this model at a distance r from the Sun is given by:
with
where φ m is the solar ecliptic longitude of the element of mass distribution, M KB is the total mass of the Kuiper Belt, r, θ and φ are the spherical coordinates of the solar ecliptic coordinate system of the probe. The radial acceleration produced by the two-ring model has been obtained numerically and shown in Figure 1 .
Next we consider the uniform disk model, which consists of an uniform hollow thin disk lying on the ecliptic, within distances R min = 30 AU and R max = 55 AU. The radial acceleration at a distance r from the Sun is given by:
where r m is the solar ecliptic radius of the element of mass distribution. The radial acceleration produced by the uniform disk model has been obtained numerically and exhibited in Figure 2 .
We consider now the non-uniform thin disk model discussed for the first time by Boss and
Peale [10] and use R min = 30 AU and R max = 100 AU. We have generalized the discussion of these authors to any point in three-dimensional space, introducing the term cosθ in their formula [10] .
For this model of the Kuiper Belt the radial acceleration at a distance r from the Sun is given by:
and f (r m ) =
The radial acceleration produced by the non-uniform disk model has been obtained numerically and is shown in Figure 3 . Analytic techniques to study the gravitational force for this model have been discussed in Ref. [16] .
Finally, we consider the torus model, i.e. a toroidal mass distribution centered over the ecliptic with central radius R c = 42.5 AU and thickness R t = 12.5 AU. The radial acceleration at a distance r from the Sun produced by the Kuiper Belt is:
where, (9) with β m being the angle from the ecliptic to the element of mass distribution with origin at R c .
The radial acceleration produced by the uniform torus model has been computed numerically and depicted in Figure 4 .
With these expressions for the radial accelerations we obtain that the gravitational acceleration probed by the Pioneer 10 spacecraft, which is shown in Figure 5 .
We can see that, for all the cases, the maximum obtained acceleration is circa 0.15 × 
Density of the Kuiper Belt
We examine now the conclusions one can draw on the density of the Kuiper Belt from considering the deceleration due to the drag force of the interplanetary medium on a spacecraft. This force can be modeled as [17] :
where ρ(r) is the density of the interplanetary medium, Assuming that the Pioneer anomaly can be regarded as an in situ measurement of the acceleration, that is a s (r) = a p , hence one can draw interesting conclusions concerning the density of the various Kuiper Belt models. These density profiles should be compared with estimated values of the interplanetary dust density [18, 19] ρ IP D ≥ 10
and the interstellar dust density [18] ρ ISD ≤ 3 × 10
Density profiles of the form
for ρ 0n and r 0 constant, have also been suggested for comparison [17] . In here we shall directly compare these estimates with the density of the various Kuiper Belt models that we have been considered in the previous sub-section. For n = 0, the density is uniform and its estimated value is [17] 
For n = 1, the density is estimated to be [17] :
for 20 AU ≤ r ≤ 70 AU.
Finally, for the isothermal model, n=2 :
In the previous sub-section we have considered the two-ring model density to be M KB /2π(R 1 + R 2 ). Now we consider the density in three dimensions as being given by
with δz = 16 AU and δr = δz/2 = 8 AU. The value of δz was estimated considering the double of the average of height above the ecliptic for the Kuiper Belt Objects.
For the uniform disk model the considered density was given by M KB /π(R 2 2 − R 2 1 ). We consider instead, the density in three dimensions as
6
On its turn, the density for the non-uniform disk model was taken to be 0.
). In three dimensions we consider the following density
Finally, for the uniform torus model in three dimensions is given by:
Assuming now the Pioneer anomalous acceleration as an in situ acceleration measurement, then one obtains interesting conclusions about the density of the various Kuiper Belt models.
Our results are depicted in Figure 7 . 
Conclusions
In this work we have shown that the Pioneer anomaly cannot be explained by the gravitational acceleration of the various Kuiper Belt models considered (two-ring, uniform and non-uniform disk, and toroidal mass distribution). In none of the studied cases a constant acceleration was found and the order of magnitude of the obtained accelerations is at best about a few percent of the observed anomalous acceleration.
Furthermore, we have shown that one can obtain interesting bounds for the Kuiper Belt mass distribution regarding the Pioneer anomalous acceleration as an in situ measure of the acceleration due to drag.
These conclusions provide further support to the idea that only through a mission (dedicated or not) [20, 21, 22, 23, 24] this mysterious anomalous acceleration can be confirmed and fully understood. 
